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1. Theoretical consideration of distribution function

1.1. Number of configurations of system

Electrons and holes in semiconductors are fermions, which obey the Pauli exclusion
principle. We consider the number D(FE;) of degenerate states per unit volume at some
energy F; in the allowed bands and the number n(FE;) of electrons per unit volume at
E;. The multiplicity function Wpg; for the n(F;) electrons arranged in the D(F;) states
is given by [1]

D(E;)! (1)
[D(E;) — n(E)]' - n(E)

In a bandgap, on the other hand, the multiplicity function for the np electrons

Wgi =

arranged in the Np donors is different from equation (1), where Np is the number of
donors per unit volume and np is the number of electrons bound to donors per unit
volume. When the spin degeneracy as well as the existence of the excited states of the
donor are neglected, the multiplicity function Wp, for the np electrons arranged in the
Np donors is given by

ND!
(ND — nD)' . nD!'

Wp, = (2)

In a neutral donor, only an excess electron is bound to some one of the ground state
and the excited states of the donor. The partition function for one electron arranged in

them is expressed as

D
g1+ Zgr exp <_1€137T) ; (3)

r=2
where K7y is the donor level that is a sum of F; and the energy Eccc induced due to
central cell corrections [2], F, is the (r—1)-th excited state level, ¢ is the spin degeneracy
factor (¢ = 2) for donors, g, is the ground state degeneracy factor, g, is the (r — 1)-
th excited state degeneracy factor, kg is the Boltzmann constant, T is the absolute
temperature.
For the np electrons, therefore, the multiplicity function Wp, is given by

E, — Ep\]"™
Wps = [91 + Y grexp (—7]3)] :
r=2

T (4)

On the other hand, the ensemble average F., of the ground and excited state levels of
the donor is given by

2or=2 (Er - ED) g, €xXp (_E;c;jb:D)

Eex = ) (5)
91+ Trmp gr exp (— B0

and then the average donor level Ep is expressed as
Ep = Ep + Fex. (6)

Each state of the ground state and the excited states, furthermore, consists of the

spin-up state and the spin-down state. When the difference in energy between the two
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states under a magnetic field H is denoted by AFEy,, the partition function for one

electron arranged in the two states is expressed as

AFE,;
1 N spln) ‘
+ exp ( il (7)
For the np electrons, therefore, the multiplicity function Wps is given by
AFin\1™
— 11 N spln):| ‘
Whps [ + exp ( T (8)

In the following sections, since the magnetic field is not applied to the semiconductor

(AFEqpin = 0),
Wi = 270 9)

Therefore, the multiplicity function Wp for the np electrons arranged in the Np

donors is expressed as
Wp = Wp1 Wpe Wps. (10)
Finally, the total number W of configurations of the system is obtained from the

product of these multiplicities as

W =Wp-[] Wa. (11)

1.2. Thermal equilibrium configuration

The thermal equilibrium configuration occurs when the entropy
S=kglnW (12)

is maximum under the following two conditions; (1) the total number nqar of electrons

in the system is conserved, that is,

Ntotal = ND + Z n(F;) = constant (13)

and (2) the total energy Fiota of electrons in the system is conserved, i.e.,
Fiotal = Fpnp + Z En(F;) = constant. (14)
We proceed to find the thermal equilibrium configuration by making In W extreme

under equations (13) and (14). According to the method of Lagrange multipliers, the

maximization of In W is given by
d(lﬂ W) + adntotal + ﬁdEtotal = 07 (15)
where o and 3 are the Lagrange multipliers. When Stirling’s approximation

In Nt~ N(InN —1) (16)
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is applied to In W where N is the large integral number, performing the differentiations
of equation (15) gives

{IH{Z <]7”\6[—]];) — 1) . [91 + T;g,, exp (—%)] } + o+ ﬁE—D} dnp

+ (m [5((5)) - 1] o+ ﬁEi) dn; = 0, (17)

and hence the following equations are obtained;

D(E;) _
hl[n(Ei)_l]—l_a—l_ﬁEi_O (18)

for electrons in the allowed bands, and
N, E.—F —
1n{2 (—D —1) : [gl +> g exp (—7]3)”4—@4—[3&3 =0 (19)
np =2 kBT
for electrons bound to donors. Finally, the distribution functions are derived as

f(E:) = D(E;) It exp (—a — BE;) (20)
for electrons in the allowed bands, and

f(Ep) = ;—z

- = — 21)
2exp(a 0T ) [0+, -, or exp - Z22R )|

for electrons bound to donors.
1.3. Determination of o and 3
From equation (15), the relationship among In W, niyar and Eiga is described as

d(In W) = —adnetar — SdEoral, (22)
while the entropy is rewritten as

dS = kgd(In W). (23)
Therefore, the relationship is derived as follows;

A B = — i — =S (24)

8 kB
From thermodynamics, on the other hand, the relationship among Fi., S and the

free energy F' is given as
dEtotal — dF —I‘ TdS (25)

By comparing equation (24) with equation (25),

1

i= 7 (26)
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and

1 dF
T T dn
are then obtained. Since dF'/dNiya means the chemical potential [3], called the Fermi

(27)

level Ef in this paper,
B

1.4. Distribution function for electrons

Since the energy level F; in the allowed bands is considered to be approximately

continuous, the distribution function is described as

1
B 14 exp (—EkFB_TE)

for electrons in the allowed bands, which coincides with the Fermi-Dirac distribution

J(E)

(29)

function. On the other hand, it is expressed as

F(Ep) = L (30)

1+ —
zop(Z22R ) [+ 2, o e (- 5552 ) |

for electrons bound to donors.

1.5. Case of hydrogenic donor

A neutral donor can be approximately described as a hydrogen atom, that is, a positively
charged ionized impurity and an electron in orbit about the impurity. In this case, the
(r — 1)-th excited state level AF,, measured from the bottom FE¢ of the conduction
band, is given by [2, 4, 5]

4. %
A= T
2h7 eketr?
m* 1
= 13.6mo62 2 eV, (31)

where ¢ is the electron charge, m* is the electron effective mass in the semiconductor,
mg is the free-space electron mass, h is the Planck’s constant (h = h/7), ¢ is the
semiconductor dielectric constant, and ¢y is the free-space permittivity. On the other

hand, the donor level AEp, measured from F¢, is given by
AFEp = AFE; + FEocc. (32)
The (r — 1)-th excited state degeneracy factor is given by [2, 6]
g, =17, (33)
When all the energy levels are measured from F¢ (e.g., AEr = Eq — Fg), the

distribution functions are rewritten as

1
[(AE) = -
1+ exp (AEkFBTAE)

(34)
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for electrons in the allowed bands, and

J(AEp) = L (35)

I+
T AER—ABp AE,—ABp
Y (=4 oy ET= i v e
for electrons bound to donors, where

AEp = AEp — By, (36)

and

F = e (B0 7 AF ) grexp (—28ps) , (37)
g1+ ZT:Q gr €XP (—%)

When the influence of the excited states is ignored (i.e., r = 1 and E., = 0),

equation (35) coincides with the Fermi-Dirac distribution function;

1

1+ %exp (7AE1;TAED)‘

Jrp(AED) = (38)
Since according to the conventional distribution function the ensemble average of the
ground and excited state levels of the donor is not considered (i.e., Fox = 0),
1
con AEp) = .
f ( D) 1 _I_ 1 )i|

AEBRH—AE AEBEyr—AFE
A e e e

(39)

1.6. Case of hydrogenic acceptor

Different from the conduction band, there are two degenerate valence bands (i.e., the
light hole band and the heavy hole band), indicating that there are the acceptor state
for the light hole band and the acceptor state for the heavy hole band. Therefore, the

multiplicity Way4 for one hole arranged in the two acceptor states is given by

Way =2 (40)
where n, is the number of holes bound to acceptors per unit volume. In the same way
as illustrated for the hydrogenic donor, the distribution function fi,(AFy,) for holes is

expressed as

n(AEy) = ! ; . (41)

I+
T AE,—AF AE;—AE
dexp(~ 2 ) (o exp( 24P )47 o exp (25200 )|

where all the energy levels are measured from Ey (e.g., AEy = FEp — Ey). Therefore,

the distribution function f(AFE,) for electrons is derived as

FAEN) =1— fi(AEy)
1

_ , (42
1+ 4dexp (— fBe"T) . {gl exp (%) + 22 9r exp (%)} =

where

AFEy = AE + FEocc, (43)
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AE, = AE, — By, (44)

and

7 D= (Al = AR grexp (- 255pR) (45)
91 + 27’22 gr €Xp (—%)

On the other hand, the Fermi-Dirac distribution function for electrons is expressed

as
1
fep(AEL) = , (46)
14+ 4dexp (%)
while the conventional distribution function for electrons is described as
1
Jfeon(AEL) = (47)

L 4 [grexp (S5575) + Do gr oxp (S5575) |
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